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We show that the Kohn-Sham positive-definite kinetic energy (KE) density significantly differs
from the von Weizsa¨cker (VW) one at the nuclear cusp as well as in the asymptotic region. At the
nuclear cusp, the VW functional is shown to be linear and the contribution of p-type orbitals to
the KE density is theoretically derived and numerically demonstrated in the limit of infinite nuclear
charge, as well in the semiclassical limit of neutral large atoms. In the latter case, it reaches 12%
of the KE density. In the asymptotic region we find new exact constraints for meta Generalized
Gradient Approximation (meta-GGA) exchange functionals: with an exchange enhancement factor
proportional to
√
α, where α is the common meta-GGA ingredient, both the exchange energy density
and the potential are proportional to the exact ones. In addition, this describes exactly the large-
gradient limit of quasi-two dimensional systems.
PACS numbers: 71.10.Ca,71.15.Mb,71.45.Gm
Ground-state density functional theory (DFT) [1–4]
can be considered the most used method in electronic
calculations of quantum chemistry and condensed mat-
ter physics. DFT is in principle an exact approach to
electronic structure theory. However, in practice the
exchange-correlation (XC) and, in the case of orbital-free
DFT [5], the non-interacting kinetic energy (KE) func-
tionals need to be approximated. The construction of
approximate XC and KE functionals is thus an active
field within DFT [6–8].
The Kohn-Sham (KS) positive-definite KE density
τKS = (1/2)
∑
i |∇φi|2, where φi are the occupied KS
orbitals, is of course a key quantity for KE functionals
but plays a major role also in meta-Generalized Gradi-
ent Approximation (meta-GGA) XC energy functionals,
which are recently attracting strong interest [9–13]. The
properties of τKS have been studied since long [3, 4], sug-
gesting that it approaches the von Weizsa¨cker (VW) ki-
netic energy density functional [14], τW [ρ] = |∇ρ|2/(8ρ),
both in the cusp [4, 15–19] and in the asymptotic regions
[4, 15, 18, 20–22]. These conditions have been used in
the derivation of approximated KE functionals [19–22].
Concerning the nuclear region, it was more recently
shown that τKS differs from τW at the nuclear cusp [23].
In this work we will present a new derivation of the KE
at the nuclear cusp which is based on the linearity of the
VW functional at the cusp. Moreover, we will derive the
semiclassical limit for the exact KE density as well as the
limit for isoelectronic series at the nuclear cusp.
Concerning the asymptotic region of atoms it has been
previously observed [24–26] that τKS can have different
asymptotic properties from τW , if the outer-valence elec-
trons are not of s-type. In this work, we will show an
exact asymptotic expression for the Pauli excess KE den-
sity [3, 16, 27] τp = τKS − τW , and use it to derive
a new constraint for the asymptotic behavior of meta-
GGA exchange functionals. This is an almost unexplored
topic since, so far, most of the effort has been put into
the investigation of the asymptotic properties of GGA
functionals. However, the latter cannot display simul-
taneously the correct asymptotic behavior for both the
exchange energy per particle (ǫx → −1/(2r)) and the
exchange potential vx → −1/r [28, 29]. Thus, e.g., the
Becke exchange [30] has an exact asymptotic behavior for
ǫx, but vx is proportional to −1/r2 [31]. On the other
hand, a recent functional [29] with the correct vx → −1/r
has been developed, but it has a nonphysical ǫx. In this
letter we will show instead that the aforementioned con-
straints can be merged at the meta-GGA level.
We start considering a closed-shell system in an arbi-
trary central spherical potential V (r) (e.g. atoms, jellium
spheres, ...). A given shell is characterized by n, l quan-
tum number and all orbitals with m = −l, . . . , l con-
tribute to shell density ρnl. The positive-definite KE
density of the shell can be written as [32, 33]:
τKSnl = τ
W [ρnl] +
l(l+ 1)
2
ρnl
r2
. (1)
The total KS positive-defined KE density is τKS =∑
nl τ
KS
nl . Note that this simple formula does not ap-
ply to the non-linear VW functional, since τW [ρ] 6=∑
nl τ
W [ρnl]. Eq. (1) is the starting equation for this
work and it is valid everywhere in the space, for any shell
and any central potential. In the following we consider
two limits for Eq. (1), namely r → 0 and r→∞.
When r → 0 we have that (for l ≥ 1) ρnl → Anlr2l,
where Anl is a constant. Thus, the second term on the
right-hand-side of Eq. (1) is An1 for l = 1 and vanishes
2for l ≥ 2. For the VW term at r = 0 we have for l = 1
τW [ρn1](0) =
1
8
(2An1r)
2
An1r2
=
1
2
An1 , (2)
whereas τW [ρn,l](0) vanishes for l ≥ 2 and for l = 0 it
depends on the central potential. Summarizing, we have
τKSnl (0) =


τW [ρn0](0) for l = 0
1
2An1 +An1 = 3τ
W [ρn1](0) for l = 1
0 for l ≥ 2
.
(3)
To stress the significance of this result we consider the
special case of a central potential with a leading term
−Z/r near the core. In this case the Kato theorem
[34] holds for any spherical shell [35], i.e. ∂ρn0(r)∂r
∣∣∣
r=0
=
−2Zρn0(0). Therefore
τW [ρn0](0) =
1
8
[−2Zρn0(0)]2
ρn0(0)
=
Z2
2
ρn0(0) . (4)
The main finding here is that Eqs. (4) and (2) are
linear in ρn0(0) and An1, respectively. Thus we have:
τW [ρs](r) =
Ns∑
n=1
τW [ρn0](r) for r = 0 , (5)
τW [ρp](r) =
Np∑
n=2
τW [ρn1](r) for r = 0 , (6)
where ρs =
∑Ns
n=1 ρn0 and ρp =
∑Np
n=2 ρn1, with Ns and
Np being the maximum principal quantum numbers for
occupied s-type and p-type shells respectively. We under-
line that the linearity of the VW functional is valid only
at the nuclear position. This is shown in Fig. 1 where
both sides of Eq. (5) are reported versus the radial dis-
tance for, e.g., the Argon atom. For the corresponding
plot of both sides of Eq. (6), see Ref. [33]. All calcula-
tions in this work have been performed with a numer-
ical atomic code using non-relativistic exact-exchange
(EXX)[36].
Combining Eqs. (5) and (6) with Eq. (3) we have for
the total positive-defined KE density at the origin:
τKS(0) =
∑
nl
τKSnl (0) = τ
W [ρs](0) + 3τ
W [ρp](0) . (7)
Hence, the exact positive-defined KE density at the ori-
gin depends on both s-type and p-type contributions. A
numerical evidence of the validity of Eq. (7) for, e.g., the
Argon atom is given in Fig. 1.
In order to estimate the effective role of the p-type or-
bitals on real calculations we consider all neutral closed-
shell noble atoms up to Ne=Z=2022 (i.e. up to 21 p-
shells; here and hereafter Ne is the number of electrons
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FIG. 1: Ratios of different kinetic energy (KE) densities to
the exact KE (τKS) for the Argon atom, near the nucleus.
The dashed and dotted lines coincide at r = 0, showing the
linearity of the VW functional for s-shells. The red solid line
approaches 1 at r = 0 showing the validity of Eq. (7).
and Z is the nuclear charge). In Fig. 2a we report the
quantity
∆EXX =
3τW [ρp](0)
τ(0)
=
3τW [ρp](0)
τW [ρs](0) + 3τW [ρp](0)
, (8)
as a function of Ne
−1/3. Fig. 2a shows that for the small-
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FIG. 2: Relative contribution (∆ in percent) of p-shells to the
positive-defined KS kinetic energy density at the nuclear cusp
for: a) neutral noble-gas atoms up to Ne=2022 as a function
of N
−1/3
e . Results using EXX and hydrogenic orbitals are
shown. The horizontal dashed-line represents the theoretical
limit, see Eq. (11). b) Ne and Ar isoelectronic series with
EXX orbitals up to Z = 2000. The horizontal dashed-lines
represent the theoretical limits, see Eq. (10).
est atom considered (i.e. Neon) the role of p-type orbitals
is quite small (1.8%). However, it increases almost lin-
early with N
−1/3
e and for Radon ∆EXX is already above
8%. To investigate the semiclassical limit for Ne → ∞
we further consider hydrogenic orbitals [38]. After some
algebra the following relations are obtained:
τW [ρn0](0) =
Z5
πn3
; τW [ρn1](0) =
(n2 − 1)Z5
3πn5
, (9)
3∆HYD[Ne] =
∑N
n=2(
1
n3 − 1n5 )∑N
n=1
1
n3 +
∑N
n=2(
1
n3 − 1n5 )
, (10)
where N is the number of filled shells (N = Ns = Np for
noble atoms) and the total number of electron is Ne =
(N3 + 6N2 + 11N − 6)/6 if N is odd and Ne = (N3 +
6N2+14N)/6 otherwise. A plot of ∆HYD as a function of
N
−1/3
e is reported Fig. 2a. For small atoms ∆HYD differs
quite significantly from ∆EXX because, due to screening
effects, EXX orbitals are rather different from hydrogenic
orbitals. Nevertheless, differences reduce for larger atoms
and both quantities converge to similar results for large
Ne values. Using the hydrogenic orbitals the limit Ne →
∞ can be computed exactly as
lim
Ne→∞
∆HYD[Ne] =
ζ(3)− ζ(5)
2ζ(3)− ζ(5) = 0.12078 , (11)
where ζ(x) is the Riemann function. Thus, in the semi-
classical limit, the p-type orbitals contribute to τKS at
the origin by 12%, clearly showing that the VW func-
tional can be quite inaccurate in the cusp region.
Then we consider positively charged noble atoms. In
Fig. 2b we report ∆EXX for Ne and Ar isoelectronic se-
ries, as a function of Z−1/3. Also in these cases, in the
limit for Z →∞ the hydrogenic orbitals model becomes
exact as there are no screening effects on the nuclear
charge for any shell. Thus the Z → ∞ limit can be
obtained from Eq. (10): for Neon (N = 2, Ne = 10)
we obtain ∆HYD = 1/13, for Argon (N = 3, Ne = 18)
∆HYD ≈ 0.983. These values are shown as horizontal
lines in Fig. 2b, and are correctly approached by calcu-
lated values of ∆EXX.
We now turn to analyze Eq. (1) in the limit r → ∞.
In the asymptotic region only the outer shell (with n = n˜
and l = l˜) contributes to the density [39], i.e. ρ→ ρ˜ = ρn˜l˜
(with a˜ we indicate asymptotic quantities). From Eq.
(1) the asymptotic expression for τp is obtained:
τp = τKS−τW −→
r→∞
τKS
n˜l˜
− τ˜W = l˜(l˜ + 1)
2
ρ˜
r2
= τ˜p . (12)
where we used that τW → τ˜W = τW [ρ˜]. When l˜ = 0, i.e.
for s-type outer-valence electrons, Eq. (12) indicates that
τKS asymptotically approaches τW , exactly [4, 15, 18,
20–22]. On the other hand, for systems with degenerate
outer shells (p-, d-, . . .,-type electrons), e.g. all atoms
but groups I or II, τ˜p is not zero and decays with the
same exponential decay of the density: thus it is very
important in the near and middle asymptotic region [33].
Eq. (12) is asymptotically exact, in the sense that no
additional terms with different radial powers are present,
and it is valid for any spherical system, clarifying and
generalizing previous observations [24–26].
We then consider the following exchange energy den-
sity per particle
ǫx = ǫ
LDA
x Fx with Fx = A
8π√
15
√
α , (13)
where ǫLDAx = −Cxρ1/3 (with Cx = (3/4)(3/π)1/3) is the
exchange energy per particle in the local density approx-
imation, Fx is the exchange enhancement factor and α =
(τKS − τW )/τTF is the well known meta-GGA ingredi-
ent [40], with τTF = Csρ
5/3 (with Cs = (3/10)(3π
2)2/3)
being the Thomas-Fermi KE density [41]; A is a positive
constant (with the factor 8π/
√
15 =
√
8Cs/Cx included
for simplicity; see below). The expression in Eq. (13),
i.e. an enhancement factor (Fx) proportional to
√
α is
not new. It was derived in Ref. [42] with A ≈ 0.3 to
describe exactly the exchange in the large-gradient limit
of quasi-two dimensional (quasi-2D) systems. Previous
investigations of α were instead mostly related to the de-
scription of bonds [26]. Here we consider a completely
different physics and study the tail region of atoms.
We rewrite Eq. (13) as
ǫx = −ACx 8π√
15
√
τKS − (∇ρ)2/(8ρ)
ρCs
= (−A)Θ
ρ
, (14)
with Θ =
√
8τKSρ− (∇ρ)2. From Eq. (12) we have that
Θ→ 2
√
l˜(l˜ + 1)(ρ˜/r). Thus
ǫx → 2(−A)
√
l˜(l˜ + 1)
1
r
, (15)
and the the exact asymptotic decay (ǫx → −1/(2r)) is
obtained if
A = A′ = 1/
(
4
√
l˜(l˜ + 1)
)
. (16)
Concerning the exchange potential, we consider the
generalized Kohn-Sham framework to write [43]
vxφi = [
∂(ρǫx)
∂ρ
−∇∂(ρǫx)
∂∇ρ ]φi −
1
2
∇(∂(ρǫx)
∂τKS
)∇φi
− 1
2
∂(ρǫx)
∂τKS
∇2φi
=
∂(ρǫx)
∂ρ
φi −∇ ·
[
∂(ρǫx)
∂∇ρ φi +
1
2
∂(ρǫx)
∂τKS
∇φi
]
+
(
∂(ρǫx)
∂∇ρ
)
· ∇φi . (17)
As first step we compute the partial derivatives of ρǫx =
(−A)Θ with respect ρ, ∇ρ, τKS:
∂(ρǫx)
∂ρ
= (−A)4τ
KS
Θ
= (−A) Θ
2ρ
+
∂(ρǫx)
∂τKS
(∇ρ)
4ρ
(∇ρ)
2ρ
∂(ρǫx)
∂∇ρ = (−A)
(∇ρ)
Θ
=
∂(ρǫx)
∂τKS
(∇ρ)
4ρ
∂(ρǫx)
∂τKS
= (−A)4ρ
Θ
. (18)
Interestingly Eq. (18) shows that the exchange energy
per particle of Eq. (13) possesses the desirable property
4that ∂(ρǫx)/∂τ
KS < 0, which was shown to be essen-
tial for an accurate description of the optical properties
of semiconductors at the meta-GGA level [9]. In con-
trast, no other non-empirical meta-GGA functional re-
covers this condition. Inserting the derivatives into Eq.
(17) we find
vxφi = (−A) Θ
2ρ
φi −∇ ·
[
∂(ρǫx)
∂τKS
{
− (∇ρ)
4ρ
φi +
1
2
∇φi
}]
+
∂(ρǫx)
∂τKS
(∇ρ)
4ρ
{
(∇ρ)
2ρ
φi −∇φi
}
. (19)
This expression clearly depends on the considered orbital
φi. For the asymptotic properties we have to consider
the highest occupied orbital φi = φH : in this case the
asymptotic density is ρ˜ = fφ2H and the terms in curly
braces in Eq. (19) vanish identically. Thus, we finally
obtain
vxφH = (−A) θ
2ρ
φH → A
√
l˜(l˜ + 1)
1
r
φH , (20)
that recovers the exact asymptotic decay (vx → −1/r) if
A = A′′ = 1/
(√
l˜(l˜ + 1)
)
. (21)
Despite the two constant A′ and A′′ in Eqs. (16) and
(21) differ by a factor of 4, the here proposed expression
for ǫx (Eq. (13)) yields asymptotic properties propor-
tional to the exact ones for both the exchange energy
density and the exchange potential. This is a strong im-
provement with respect to current meta-GGAs where ǫx
and vx decay exponentially and GGA functionals where
either ǫx or vx can have the exact properties.
To validate the previous analytic results we consider
in Fig. 3 the comparison of ǫx and vx obtained from Eq.
(13) for p- and d-type closed-shell atoms (i.e. Ne and
Zn2+ ) and for a jellium sphere with 34 electrons and
rs=2.07 (having a f -type outer shell). Results from Eq.
(13) are compared to EXX and standard GGAs.
The numerical results confirm that, unlike other
semilocal approximations (e.g. PBE [37]), the simple ex-
pression in Eq. (13) yields the correct asymptotic behav-
ior for ǫx (i.e. −1/(2r)). Fig. 3 also shows that Eq. (13)
is also in better agreement with EXX than the B88 ex-
change [30]; the latter, in fact, approaches −1/(2r) only
at very large distances. For the exchange potential Eq.
(13) and Eq. (21) give a −1/r behavior, whereas PBE
and B88 decay much faster (exponentially and propor-
tional to −1/r2, respectively).
We thus propose that the expression in Eq. (13) can
be a powerful tool in the development of meta-GGA ex-
change functionals. Clearly completely new functional
forms need to be developed in order to satisfy Eq. (13)
in the asymptotic region. Moreover, additional work
needs to be done to take into account the l-dependence in
-0.5
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FIG. 3: Exchange energy per particle ǫx (upper panels) and
exchange potential vx (lower panels), multiplied by the radial
distance r, from different approaches and for Ne, Zn2+, and a
jellium sphere with 34 electrons, having p−, d−, and f -type
outer shell, respectively.
Eqs. (16) and (21) as well as investigations for molecules,
where the anisotropy of τKS can also play a role [44] and
the KS exchange potential can show asymptotic barrier-
well structures [45].
Finally, Eqs. (12) can be used to derive an asymp-
totically correct expression for the non-interacting KE
at the GGA level of theory, i.e. τ = τTFFs(s), where
Fs(s) is the KE enhancement factor which depends on
the reduced gradient s = |∇ρ|/(2(3π2)1/3ρ4/3). In fact,
recalling that for an exponential density the expression
ρǫLDAx (4π/9)(s/ ln(s)) decays as −ρ/(2r) [6, 30] then
(20/27)τTF(s/(ln(s))2 will decay as −ρ/(2r2). Thus
Fs → 5
3
s2
(
1 +
4
9
l˜(l˜ + 1)
ln2(s)
)
, (22)
represents a new exact constraint for GGA kinetic energy
functionals in the asymptotic region.
In conclusion, from a simple analytic expression (Eq.
(1)) we have shown that: i) p-type electrons largely con-
tribute to the positive-defined KE density at the nucleus.
This property has been derived considering the linearity
of the VW functional at the cusp. For the Neon atom
(with only one p-shell) in the limit of infinite nuclear
charge, ∆ ≈ 8%; in the semiclassical limit of neutral
large atoms, ∆ reaches 12%. Thus the physics of the KE
density near the nucleus region has fully non-local fea-
tures (i.e. ρp is a non-local functional of ρ), which can
be hardly captured by semilocal ingredients.
ii) The asymptotic expression of the Pauli excess KE
density has been used to construct a new meta-GGA ex-
change functional: a simple enhancement factor term
5proportional to
√
α can well describe the asymptotic
behavior of ǫx and vx, as well as the quasi-2D density
regime. This is an important achievement of the meta-
GGA level of theory, with respect to the GGA one. In
fact, at the GGA level, the infinite barrier model quasi-
2D limit can be described only if the GGA exchange en-
hancement factor decays as Fx → s−1/2 [46], the asymp-
totic behavior of ǫx can be described only if Fx → s/ ln(s)
[30], while the asymptotic behavior of vx can be described
only if Fx diverges at least as s [29]. Thus, important
future developments in the construction of accurate non-
empirical meta-GGA DFT functionals can be foreseen.
Nevertheless, we remark that the inclusion of the present
results into a practical tool still requires additional ef-
fort, in particular for the development of an appropriate
and flexible enough meta-GGA functional form in order
to correctly describe asymptotic and quasi-2D regimes.
Finally, Eq. 22 is also relevant for future development of
approximated KE functionals with improved asymptotic
behavior.
[1] P. Hohenberg and W. Kohn, Phys. Rev.136, B864
(1964).
[2] W. Kohn and L.J. Sham, Phys. Rev. 140, A1133 (1965).
[3] R. G. Parr, W. Yang, Density-Functional Theory of
Atoms and Molecules; Oxford University Press, 1989.
[4] R. M. Dreizler and E. K. U. Gross, Density Functional
Theory, Springer (1990).
[5] Y. A. Wang and E. A. Carter, in Theoretical Methods
in Condensed Phase Chemistry, Progress in Theoretical
Chemistry and Physics 5, 117 (2002).
[6] G. E. Scuseria, V. N. Staroverov, in Theory and Ap-
plications of Computational Chemistry: The First Forty
Years, C. Dykstra, G. Frenking, K. Kim, G. E. Scuseria,
Eds.; (Elsevier, Amsterdam, 2005), pp. 669724.
[7] F. Tran and T. A. Wesolowski, in Recent Progress
in Orbital-free Density Functional Theory, T. A.
Wesolowski and Y. A. Wang, Eds.; (World Scientific Pub-
lishing Company, Singapore, 2013), pp. 429-442.
[8] V. V. Karasiev, D. Chakraborty and S. B. Trickey, in
Many-Electron Approaches in Physics, Chemistry and
Mathematics, V. Bach and L. Delle Site Eds.; (Springer,
Switzerland, 2014), pp. 113134.
[9] V. U. Nazarov and G. Vignale Phys. Rev. Lett. 107,
216402 (2011).
[10] L. A. Constantin, E. Fabiano, and F. Della Sala, J. Chem.
Theory Comput. 9, 2256 (2013).
[11] J. Sun, B. Xiao, Y. Fang, R. Haunschild, P. Hao, A.
Ruzsinszky, G.I. Csonksa, G. E. Scuseria, and J. P.
Perdew, Phys. Rev. Lett. 111, 106401 (2013).
[12] J. P. Perdew, A. Ruzsinszky, G. I. Csonka, L. A. Con-
stantin, and J. Sun, Phys. Rev. Lett. 103, 026403 (2009).
[13] R. Peverati and D. G. Truhlar, J. Phys. Chem. Lett. 3,
117 (2012).
[14] C. F. von Weizsa¨cker, Z. Phys. 96, 431 (1935).
[15] E. Sim, J. Larkin, K. Burke and C. W. Bock, J. Chem.
Phys. 118, 8140 (2003).
[16] V. V. Karasiev, R. S. Jones, S. B. Trickey, and F. E.
Harris, Phys. Rev. B 80, 245120 (2009).
[17] R. F. W. Bader and P. M. Beddall, J. Chem. Phys. 56,
3320 (1972).
[18] D. Garcia-Aldea and J. E. Alvarellos, Phys. Rev. A 77,
02250 (2008).
[19] J. M. Garcia Lastra, J. W. Kaminski, and T. A.
Wesolowski, J. Chem. Phys. 129, 074107 (2008).
[20] L. Vitos, H. L. Skriver and J. Kolla´r, Phys. Rev. B 57,
12611 (1998).
[21] M. Ernzerhof, J. Mol. Struct. (Theochem), 501− 502,
59 (2000).
[22] J. P. Perdew and L. A. Constantin, Phys. Rev. B 75,
155109 (2007).
[23] Z. Qian, Phys. Rev. B 75, 193104 (2006)
[24] M. Ernzerhof, K. Burke, and J. P. Perdew, J. Chem.
Phys. 105, 2798 (1996).
[25] A. D. Becke and K. E. Edgecombe, J. Chem. Phys. 92,
5397 (1990).
[26] E. R. Johnson, A. D. Becke, C. D. Sherrill, and G. A.
DiLabio, J. Chem. Phys. 131, 034111 (2009).
[27] M. Levy and H. Ou-Yang, Phys. Rev. A 38, 625 (1988).
[28] E. Engel, J. A. Chevary, L. D. Macdonald, and S. H.
Vosko, Z. Phys. D 23, 7 (1992).
[29] R. Armiento and S. Ku¨mmel, Phys. Rev. Lett. 111,
036402 (2013).
[30] A. D. Becke, J. Chem. Phys. 84, 4524 (1986); Phys. Rev.
A 38, 3098 (1988).
[31] R. van Leeuwen and E. J. Baerends, Phys. Rev. A 49,
2421 (1994).
[32] A. Nagy and N. H. March, Phys. Rev. A 40, 554 (1989).
[33] See Supplemental Material at ... for the derivation of Eq.
(1) and numerical evidence of the validity of Eq. (6) and
Eq. (12).
[34] T. Kato, Commun. Pure Appl. Math. 10, 151 (1957).
[35] R. O. Esquivel, J. Chen, M. J. Stott, R. P. Sagar and V.
H. Smith, Jr., Phys. Rev. A 47 936 (1993)
[36] L. A. Constantin, E. Fabiano, S. Laricchia, and F. Della
Sala, Phys. Rev. Lett. 106, 186406 (2011).
[37] J. P. Perdew, K. Burke, and M. Ernzerhof, Phys. Rev.
Lett. 77, 3865 (1996).
[38] O. J. Heilmann and E. H. Lieb, Phys. Rev. A 52, 3628
(1995).
[39] C.-O. Almbladh and U. von Barth, Phys. Rev. B 31, 3231
(1985).
[40] J. Tao, J. P. Perdew, V. N. Staroverov, and G. E. Scuse-
ria, Phys. Rev. Lett. 91, 146401 (2003).
[41] L. H. Thomas, Proc. Cambridge Phil. Soc. 23, 542
(1926), E. Fermi, Rend. Accad. Naz. Lizei 6, 602 (1927).
[42] L. A. Constantin, Phys. Rev. B 78, 155106 (2008).
[43] A. V. Arbuznikov, M. Kaupp, V. G. Malkin, R. Reviakine
and O. L. Malkina, Phys. Chem. Chem. Phys. 4, 5467
(2002).
[44] T. Schmidt, E. Kraisler, L. Kronik and S. Ku¨mmel, Phys.
Chem. Chem. Phys. 16, 14357 (2014).
[45] F. Della Sala and A. Go¨rling, Phys. Rev. Lett. 89, 033003
(2002).
[46] L. Chiodo, L. A. Constantin, E. Fabiano, and F. Della
Sala, Phys. Rev. Lett. 108, 126402 (2012).
